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THE ELLIPTIC MODULAR FUNCTIONS ASSOCIATED WITH THE 
ELLIPTIC NORM CURVE E 7 * 



ROSCOE WOODS 

Introduction 

The elliptic norm curve E" in space S n . t admits a group G 2n2 of collineations 
and there is a single infinity of such curves which admit the same group. A 
particular E n of the family is distinguished by the coordinates of a point on a 
modular curve, the ratios of these coordinates being elliptic modular functions 
defined by the modular group congruent to identity (mod n). In the group 
Gz n i there are certain involutory collineations with two fixed spaces. If E" 
is projected from one fixed space upon the other, a family of rational curves C m 
mapping the family of E"'s is obtained. The quadratic irrationality separat- 
ing involutory pairs on E" involves the coordinates of a point on the modular 
curve and the parameter / on a member of the family C m . 

Miss B. I. Millerf has discussed the elliptic norm curves for which n = 3, 4, 
5. In these cases the genus of the modular group is zero and a point of the mod- 
ular curve can be denoted by a value of the binary parameter r. The irration- 
ality separating involutory pairs on E" was used by her to define an elliptic 
parameter 

(tdt) 



u= I 
J 



V(tr)a r T - 3 af 
where a is the tetrahedral, octahedral, or icosahedral form. This form of u 

T 

is invariant under all the cogredient tranformations of t and t which leave a r 
unaltered. 

The cases considered by Dr. Miller are relatively simple, due to the fact that 
the genus of the modular group is zero. In this paper, the case n = 7 for which 
the genus is 3, one which is fairly typical of the general case, is subjected to a 



* Presented to the Society, April 14, 1922. 
t See these Transactions, vol. 17 (1916), p. 259. 

(179) 
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similar investigation. Many of the results may be extended to the case where 
n is any prime number and in some features to the case where n is any odd num- 
ber. By methods of geometry and group theory, we derive in this discussion the 
well known elliptic modular functions attached to this group as well as some new 
ones and obtain a number of their algebraic properties.* This treatment sug- 
gests a number of "root functions," i. e., square roots of modular functions which 
are themselves uniform. 

In §1, the groups and subgroups associated with the E 7 are discussed and 
thrown into a canonical form. The equations of the transformation from S6 to 
the fixed spaces S2, S3, and the equations of the groups of transformations in 
these spaces are derived. These have been found without the aid o'f function 
theory and have been checked with Klein's results in Klein-Fricke's Elliptische 
Modulfunktionen. In §11, a single Kleinian formf is derived which furnishes the 
fourteen linearly independent quadrics whose complete intersection is E 7 . From 
this form in §111 the fundamental elliptic modular functions t x : h ■ t t are de- 
termined. Also the families C 2 , C 3 of rational curves in S2 and S 3 are found. In 
§IV, the loci in 5 3 are discussed. The paper closes with a parametric represen- 
tation of E 7 . 

I. The groups connected with E 7 

1 . The group G 2 . 7 2 of collineations of E 7 into itself. The homogeneous coordi- 
nates of a point of the elliptic norm curve E 7 are x : %i : • • • : x 6 = 1 : p (u) : 
p'(u) : • •• : p"(u). As u runs over the period parallelogram «i, co 2 the E 7 is 
obtained in a six-dimensional space S 6 . It is knownj that the only birational 
transformations of the general elliptic curve into itself are given by u' = =±= u 
+ b, where b is any constant.! From the parametric representation of the 
E 7 as set forth above, it is evident that seven points of the E 7 on a hyperplane 
section are characterized by the fact that the sum of their parameters is con- 
gruent to zero (mod «i, 002) and conversely. In view of this, all transformations 
for which lb = (mod w i( co 2 ) are collineations. This congruence has three 
irreducible solutions 

(1) b = 0, b = wi/7, b = w 2 /7. 



* In the case n = 4, Miss Miller has expressed the opinion that the properties of the elliptic 
integral associated with E* and the Dyck quartic should apply to Klein's quartic which occurs 
in this case. This has not been verified. 

f By a Kleinian form is meant a form in several variables invariant under isomorphic linear 
groups on these variables. 

t Appell-Goursat, Fonctions Algebriques, p. 474. 

§ Segre, Mathematische Annalen, vol. 27(1887), p. 296. 

Klein-Fricke, Theorie der elliptischen Modulfunktionen, vol. 2, p. 241. Hereafter the 
initials K. P. will be used to refer to this work. 
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These furnish the substitutions 

Soi '. u = u + k>oi> 

(2) Sio : u' = u + ojio, Wy = ioii/7 + juh/1, 

V :«'=-«, (t,; = 0, 1 6). 

Soi and Sio are collineations of period seven and generate a group G- r . which is 
abelian in its elements. V is a collineation of period two which adjoined to G 7 > 
generates a group G 27 i. This group G 2 . 7t of collineations contains all the collin- 
eations of the general E 7 into itself. 

The G 7 , in the G 2 . 7 t contains 8 cyclic Gj's and no other subgroups. These are 

denoted by G a>t G x G 6 where G x is generated by 5 i and G { by Si S i {i = 0, 

1, . . . , 6). The elements of G 27 i not in G 7 i are of the form 

(3) Vij : «' = - « + w e (», / = 0, 1, . . . , 6), 

and are of period two. The V tj form a conjugate set. Any cyclic C 7 with one 
involution generates a dihedral G 27 which contains seven involutions. Hence 
there are 56 dihedral G 2 . 7 's. These with the cyclic C 2 's complete the subgroups 
of G 2 . 7 ,. The relations satisfied by the generators of G 2 - 7 % are 

(4) Oq! = o 10 = 1, 

5oiSio = Sio5oi, VSw = S 10 V, VS01 = S 0i V. 

2. The fixed heptahedra of the 8 cyclic G 7 's. The condition that a hyperplane 
section touch the E 7 in seven coincident points is given by 

(5) 7m = (mod 0)1,012). 

The irreducible solutions of this congruence furnish the 49 parameters co,-,- of the 
singular points. Under G x the 49 points co^ separate into 7 sets of seven con- 
jugate points such that each set is on a hyperplane. . Such a set of seven hyper- 
planes will be called a heptahedron. Since there are 8 cyclic GV's, there are 8 
heptahedra which will be designated by //«,, H , . . ., H e * 

The 49 singular points are now arranged in a matrix (using only the subscripts) 
in such a way that the rows furnish the 7 sets of conjugate points which deter- 
mine the 7 hyperplanes of H<x, while the columns furnish the 7 hyperplanes of 
H . 



* The reason for calling one heptahedron H x will appear later. These heptahedra can be 
determined from the resolvent equation of the 8th degree associated with the Galois problem 
of degree 168. Compare K. F., vol. 1, p. 732. 
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(6) 



Each row of this matrix is transformed into itself by G x , each column into 
itself by G . Further the seven hyperplanes of each heptahedron are linearly 
independent. Let us prove this for G x . If the seven hyperplanes X t are not 
independent, there is a relation among them involving 7 — k of these X's such 
that these 7 — k X's do not satisfy further relations. Then the 7 — k X's in 
this relation are all fixed under G x and meet in an 5 S which is also fixed under 
Coo. Hence G x permutes the S 6 's on the fixed S* in such a way that 7 — k of 
the S 6 's are fixed. Therefore by projection from S k upon an S 6 _ k , we should 
have in S 6 _* 7 — k fixed spaces no. 6 — k of which were related. But such a 
collineation is the identity in S 6 _*. Hence every 5 8 on S k is fixed, contrary to 
the fact that G x has only a finite number 7 of fixed spaces. 

3. A canonical form of the G 2 -v- Let then the heptahedron H x with linearly 
independent faces be chosen as a reference figure and denote these faces by X { 
(i = 0, 1, . . ., 6).* These are determined by the rows of the matrix (6). The 
reference figure is completed by choosing a unit-hyperplane. This hyperplane 
will be chosen as the one containing the singular points of the first column of the 
matrix (6). 

In terms of the coordinates thus defined the generators of the G 2 . 1 t of collinea- 
tions of the E 7 into itself have the form 



(7) 



Soi • Xj — -A,-_ i 
Sio : Xi = « X{ 
V : X'i = Z_i 



(X 7 + i as Xi) 

(i = 0, 1, ...,6) 
(X_, = X,_ { ) 



where e is a seventh root of unity. The formulas (7) constitute a first canonical 
form of G 27 3. 

4. The family of £''s. The curve E 1 depends upon the ratio w = wi/co2. 
For each value of o>, there is an E 1 , hence there is a family F of £ 7 's. But the 



* Xi is written instead of Xi{u). The Xi can be represented as the products of sigma 
functions, i. e., 

j = Off (u-uij) 

where the a, are constants which insure the double periodicity of the ratios X t . Compare K. 
F., vol. 2, p. 238. 
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group G r7 t of collineations is the same for each member of the family F since its 
coefficients are numbers independent of the ratio o>. For each curve of F the 
set of 8 heptahedra is the same, since the heptahedra are determined by their 
common G 2 . 7 a. 

All collineations which leave each member of F unaltered have been deter- 
mined. If there are further collineations which interchange the members of F, 
they must arise from integer period transformations of determinant +1. Con T 
sider then the transformation 

(8) i , a8 - 07 = 1 
a> 2 = 70)i ■+" 00)2 

where a, 0, y, 8 are integers. The curve as first expressed in terms of p (u) and 
its derivatives is unaltered by (8). In the new reference system the curve and 
each o),y are unaltered if (8) is congruent to identity (mod 7). On the other hand 
if (8) is not congruent to identity (mod 7), the o),^- are permuted and we may 
look upon this operation either as merely a change in the coordinate system in 
which the curve is fixed or as a collineation in which the reference system is fixed 
and the E 1 passes into a new curve which belongs to F. Therefore all trans- 
formations (8) which are congruent to identity (mod 7) give rise to the identical 
collineation. These transformations constitute a subgroup of (8) of index 2-168. 
All elements of (8) in a coset of this subgroup give rise to a collineation which 

permutes the curves of F except the element which is the element V. 

Hence there are 2-168/2 or 168 collineations which interchange the members of 
F* These collineations may be represented by the elements of (8) reduced 
modulo 7, that is 

(9) »; = «* + *> tt5 -^-l(mod7). 

0> 2 = 70)1 + S0)2 

It is well known that any transformation of the group (8) is a combination of 
the transformations 

(10) 5 : o)' = o) + 1 T : o>'= - 1/w, 

where 5 is of period 7 and T is of period 2 when reduced modulo 7. Since 
T 2 = S 7 = (S7) 3 = (S*T)* = If, these relations define a G m of collineations 
on the reduced periods which permutes the members of the family F. There- 
fore we have the following theorem : 



* See K. F., vol. 1, p. 398. 

t It should be noted that in homogeneous form, T is of period 4, (S l T) is of period 8. Hence 
V and T 2 are the same. Compare Dickson, Linear Groups, p. 303. 
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Theorem I. The family F of elliptic E v s, each member of which is unaltered by 
G 2 ,t, is unaltered as a whole by a collineation group C272.168 for which G 2 -^ is an 
invariant subgroup. Under the group of F each curve belongs to a conjugate set of 
168 curves.* 

The collineation T permutes the Hi (i = oo , 0, 1, . . ., 6) as follows: ( oo 0), 
(16), (25), (34), where the subscripts only are used. The collineation S permutes 
the H{ (i = 0, 1, . . ., 6) cyclically and leaves H x invariant. Under the group 
(8) the Hi are permuted like the 8 points oo , 0, 1, . . ., 6 in a finite geometry 
modulo 7, there being 8 points on a line. 

The equations of the collineations S and T in terms of X { aref 

5 : X'i = «-*'/» x t 

(U) T : X\ = cYf* X & (« = 0, 1 6). 

$ = o 

5. The fixed spaces. In G^,, the 7 2 involutions V tj (i, y =0,1, . . . , 6) have 
the form u' = —u-\- u> t j. The fixed points of these involutions are u = 0)^/2 
+ P/2 where P/2 can evidently have the values 0, a>i/2, a)o/2, and (wi + a>2)/2. 
We consider the simplest set, i. e., the set for which i = / = 0. 

Due to the involutory character of V, there are two skew spaces of fixed pointt 
in S^ an S 2 and an S 3 . If the coordinates of these fixed spaces be denoted by 
y\ and Zj (i = 0, 1, 2, 4; / = 1, 2, 4) respectively, the equations of the trans- 
formation from the coordinates X< to those of y and z are 



(12) 



X = 


yo, 


Xy + X 6 = 


2y u 


Xi + Xi = 


2y 2 , 


x< + x 3 = 


2y*, 


> and z, V now has 


= Vi, z'j = 


z ~ Z J 



X* - X z = 2z 4 . 



(13) /i = y,-, 2J = - zj (t = 0, 1, 2, 4; / = 1, 2, 4). 

In (12), y { = determine the S 2 of fixed points and zj = determine the S 3 of 
fixed points. The fixed Ss's are either on S 2 with equations aoyo + ai^i + a2y2 
+ a 4 yt = or on S 3 with equations /3i2j + 182Z2 + fazi = 0. The as maybe 
determined by putting the S 6 on u u m 2 , u 3 , three arbitrary points on E 7 , so that 
necessarily this S 6 cuts £ 7 in the points — u u — w 2 , — « 3 . Therefore the S 6 con- 
tains the point u = 0, but no proper half period point. Hence all the fixed 
Ss's on the S 2 and therefore S 2 itself, contain the point u = but no proper 

* See K. P., vol. 1, p. 398. 

t Compare K. F., vol. 2, p. 292. The formula for 5 is compatible with Klein's for n a 
prime number. As we deal with collineations in homogeneous forms we do not need to keep 
c of the K. F. formula; it is therefore dropped in the remainder of the work. 
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half period point. Therefore S 3 contains the proper half period points since 
they are also fixed points. 

The family F of F 7 's projected from the fixed S 2 upon the fixed S 3 becomes a 
family Fi of rational cubics doubly covered, since the pairs (=•=«) corresponding 
under V each project into the same point. In a similar manner, by projection 
from S 3 upon 52, F becomes a family F 2 of conies doubly covered. 

It is my purpose to discuss the families F u F 2 , for which the curves in each 
family will vary with co whereas the points on a particular curve will vary with 
the pairs (=*= u) on the original E 1 . The G 2 -72-168 has now reduced to a C 168 in 
S 2 and S 3 which leaves Fi and F 2 invariant. This 6"i 6 s is generated by S and T 
whose equations are easily found to be 



-«* /2„ 



S ■ * _. *W ' (*' = 0, 1. 2, 4; / = 1, 2, 4) 



(14) 

T 



y\ = yo + E, («*" + O % («' = 0, 1, 2, 4) 

z' k = J2, («* - «"'*) ^ (j,k,l = l, 2, 4). 



Formulas (12), (13) and (14) constitute a second canonical system of coordinates 
for E 1 . 

II. The quadrics on £ 7 

1. The pencil of quadrics on F 7 . Hermite has shown that the number of lin- 
early independent quadrics on F 7 is fourteen. These fourteen quadrics cut out 
the F 7 completely with no extraneous intersection.* In the second system of 
coordinates a general quadric has the form 

6 

(15) <7 = ^««* X { X k = 0, 

t, * = 

where a ik are constants. Let us suppose that the a ik are so determined that 
the quadric contains the curve F 7 . Under the collineation S w , F 7 is transformed 
into itself. Hence the quadric (15) is transformed into a quadric on F 7 . The 
transforms of q under 5i are of the form 

(16) qj = £ a ik e* +k) X t X k = (j = 0, 1 6). 

i,k = 

Since each qj is on F 7 , a linear combination of them will be on the curve. Mul- 
tiplying each qj by unity and adding we obtain a particular quadric Q on F 7 
characterized by the fact that it consists only of those terms for which i + k = 
(mod 7). Using the multipliers 1, e 6 , e 3 , e 1 , € 6 , e 4 , e 2 , respectively, we obtain a 

* Compare K. F., vol. 2, p. 245. 



186 ROSCOE WOODS [March 

second particular quadric Qi on E 7 characterized by the fact that it consists only 
of those terms for which i ' + k = 1 (mod 7). Proceeding in this way we obtain 
7 particular quadrics on E 7 . They are 

(17) Qi = a i0 X] + 2a )1 X, +1 X,_i + 2a >2 X i+2 ^i-2 + 2a,4-X,+ 4 .X',-4 

= (t = 0, 1, .... 6). 

Any quadric on the curve E 1 is a linear combination of the Q's, since the seven 
Q's contain as yet 28 arbitrary coefficients. But since each Q,- is sent into 
Q.+i by Soil these 28 coefficients reduce to four, i. e., a , m, a 2 , a 4 - From these 
seven Q's, we know that we must be able to get the 14 linearly independent quad- 
rics on the E 1 . The a's therefore must contain a parameter linearly and there 
will be one quadric of the type Q { for which a particular a will vanish.* At 
most, then, a pencil can arise from the four terms of each Q { . Any one of these 
seven pencils is defined by the fact that it admits one of the seven dihedral 
G 2 . 7 's whose cyclic subgroup is S ]0 . For example Q admits the dihedral (SwV). 
Since the a's contain a parameter linearly, they may be interpreted as the 
coordinates of a point on a line in an S 3 . By choosing two members from the 
pencil of quadrics, the line is determined. We shall determine the a's later as 
functions of w and the parameter just mentioned. 

2. The group on the quadrics. Under G 2 -yi each member of the family F of 
£ 7 's is transformed into itself and the quadrics on each curve are transformed 
into quadrics on that curve, so that a group of collineations is induced upon the 
Q t as variables. Moreover since S and T interchange the members of the 168 
sets of conjugate curves, they will send the quadrics on a given curve into a linear 
combination of the quadrics on the transformed curve. If we indicate the group 
G 2 . 7 ,. m on the X,'s in (7) and (11) by G(t), then the induced group on the quad- 
rics Qi is G(t*). 

In order to express all the quadrics (17) by one equation, consider the general 
quadric obtained by taking a linear combination of them. Such a quadric has 
the form. 

6 

(18) J2 L 'Q' = °> 

i = 

where the L t are arbitrary constants. On a given curve of F determined by a 
proper set of values of a ; (i = 0, 1, 2, 4), the bilinear form (18) is an identity in 
L and u. If we require that this bilinear form be an invariant under G(t 2 ), there 
will be a certain group induced upon the L, as variables. This group on the 
variables L ; is G(e~' 1 ). 



* Compare K. F., vol. 2, p. 268. Klein obtained the quadrics on the elliptic curves from 
the three-term sigma relation. 
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3. A Kleinian form. Since the properties of the groups on the L,- and £>,- are 
the same as those on the X it we isolate one of the involutions in the L it Q t groups, 
i. e., that one induced by V which was isolated in the X { group. We introduce 
the variables v and u, f and # with Q, and L it respectively, as y and z were intro- 
duced with the Xi. The equations of the transformations from Q, and L t to 
v, u, f and d can be written down as were those for y and z. After this change 
of variables, (18) has the form 

F' = fo[«oJ'o + 2a x y\ + 2a iy \ + 2a A y\ - 2a x z\ - 2a 2 z\ - 2o*bJ] 

+ 2 Maori + 2aiy yi + 2a-,y y yi + 2a 4 yiyt + ot z\ + 2a 2 ZiZ 4 — 2a 4 z 2 Z4] 
+ 2 &[aoyl + 2a^y ] y i + 2a 2 y J'4 + 2 a^i^— 2 aiZiZ 4 + a a z\ + 2a 4 Z!Z 2 ] 
(19) +2 U[<*oy\ + 2aiy2y4 + 2a 2 )'ij2 + 2a t y yi + 2a i z i z 4 — 2a 2 ZiZ 2 + aoZ*] 

+ 4 di[at,yiZi + oay&i — a 2 (yiZt + y&-) + cn(y i z i — v 4 z 2 )] 
+ 4 ^[aoytZi + cn{y&x — yiZ t ) + aiy^ — a 4 (j'i2 2 + y&i)\ 
+ 4 t? 4 [a y^t — otiiytfi + y^) + a 2 (3>iz 2 — y 2 2,) + a 4 j/ Zi] = 0. 

On is 7 the above form is an identity in f , # and can be separated into seven 
parts. However we shall have occasion to separate it into two parts, Pi and Pi, 
such that the part Pi contains the coefficients f and the part P 2 the coefficients 
t?. The part Pi is partly symmetrical and partly alternating in the coefficients 
a and f, hence the f 's can be interpreted as the coordinates of a point on a line in 
an S 3 and are therefore cogredient to the as. Hence we may conclude this 
section with the theorem 

Theorem II. F' is a Kleinian form which remains invariant under the simul- 
taneous transformation by the isomorphic groups M(e) of (14) on the variables y 
and z; M(t~ 2 ) on the variables f and a and #. The form F' determines the curve 
E 1 uniquely when the modular functions a are properly given, i. e., subject to the 
relation which connects their ratios. 

III. The interpretation of the form F' 

1. Its fundamental elliptic modular functions. Each curve of the family F has 
on it the point whose parameter is u = 0. As w = coi/co 2 varies this zero point 
generates a locus. It has already been pointed out that the zero point is in the 
space S 2 of fixed points, i. e., when u = all the y's vanish. Let z, = t f (i = 
1, 2, 4) for u = 0; then F' in (19) reduces to 



fo[0 - 2 ait\ - 2 afi - 2 afi] 



— — 1»! — — *»;j — — »"4J 

+ 2 ti[a<>t\ -0 + 2 a 2 tit t - 2 otitiU] 
(20) .-.,.. ~ - . - 



+ 2 h[a tl - 2 aihh -0 + 2 a t tih] 

+ 2 tt[a<A + 2 aititi - 2 a4ik - 0] =0. 
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Since (20) is an identity in the f it their coefficients must vanish. These coeffi- 
cients are linear in the a's, all of which do not vanish simultaneously, therefore 
the determinant of the a's must vanish. After removing numerical factors, 
we find a skew-symmetric determinant of even order. This determinant is a 
perfect square.* It furnishes in variables t-, Klein's quartic, which is denoted 
as follows : 

(21) K = t\t 2 + 4*4 + #i = 0. 

K is the equation of the locus of the zero point of the family of E 7 's and admits a 
group Gm of collineations into itself, cogredient to the group in z in (14). The 
ratios U : h '■ U are the fundamental elliptic modular functions of the form F'. 
The expressions for these ratios as uniform functions of the modulus oi may be 
obtained by setting u = in the expressions for the z's in terms of u, wi, on, 
as indicated. 

Since the curve E 7 varies with o>, and since each E 7 possesses a zero point, i. e., 
a point t which is on K, it is clear that the variation of E 7 with o> may be imaged 
by the variation of t on K. We shall express other elliptic modular functions 
associated with the family of E 7 's in terms of the t t . 

2. The null-system. The form in (20) is a null-system, since it can be written 
in the form 

(22) (aofiK + («of 2 )^ + (Mdtl + 2{ ai U)kk + 2{ciiU)hh + 2(a 2 ti)kh = 0, 

where (a,-fo) = a£ k ~ a kti- Since (20) vanishes independently of the 
f's it represents a singular null-system, f Hence (22) is the equation of a line 
whose coordinates may be taken as 

(aoti) = + 2 hh, (otfo) = t\, 

(23) (« f 2 ) = + 2 hh, («if 4 ) = 4 
(aoft) = + 2 Ut u (arfO = t\, 

where a is clearly a point on a line. Since the coordinates of the line of the a's 
are functions of t, we shall call it the modular line and denote it by L m . The 
intersection of the coordinate planes of the reference tetrahedron in the space of 
the a's, an S,, with L m furnishes four convenient sets of values of the a's, which 
substituted in F' give rise to the 28 quadrics on E 7 , of which only 14 are linearly 
independent, since any two sets of the a's are linear combinations of the remain- 
ing two sets. These sets of values are 



* Burnside and Panton, Theory of Equations, vol. 2, p. 46. 
t See Veblen and Young, Projective Geometry, vol. 1, p. 324. 
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(24) 



<xq : ai : ai : a* = 



: 


-2*!*2 


— 2^4 


-21 


2*1*2 : 





+t\ 


-t\ 


2 t^tx '. 


~t\ 





t\ 


2t,h : 


t\ 


—t 1 

n 






The sets (24) suggest that we make a transformation on the as in F'. Let 
£ be a plane such that it intersects L m in the point a. From (24) we find this 
transformation to be 



(25) 



«o = 

<*1 = 

a 2 = 



+ 2tMl + 2«4& + 2Wl*4, 

■2tMo + - t% + ifo, 



— 2*2*4$0 + *4?1 

— 2Wl£o — h£\ 



+ 



#«, 



+0. 



If F' is transformed by (25), it will take the form 

(26) £ & tj <t>ij +2 ii »i til = It, ;' = 0, 1, 2, 4 ; / = 1, 2, 4). 

The 28 quadrics on the curve E 7 , of which naturally only 14 are linearly inde- 
pendent, are found by equating to zero the coefficients of the terms £, f, and 
£,- &i respectively, i. e., the 0, : , and </»,{. We shall have occasion to use all of 
these quadrics, but will refer to them briefly in the above notation. 

3. The rational curves in 5 2 and S 3 . We have seen that a and f are cogredient 
variables and that Pi is partly alternating and partly symmetrical in a and £ . 
We now rewrite Pi so as to exhibit this property. It has the form 

(27) aofo/o + 4^ ai f, W2 + 2^(a„ri + <*xU)y\ + 4^(a 2 f4 + ctfOWi 

+ 2^(a ri)z? + 4^(a 4 f 2 ) ZiZ 2 = 0, 

where 2, unless otherwise denoted, refers to the cyclic advance of the subscripts 
1, 2, 4. This form furnishes the means by which the projections of the family 
F of £ 7 's upon the fixed spaces S 2 and 5 3 are found. The second part P 2 , bilinear 
in y and z, does not enter in these projections, since it vanishes when either 
space is considered separately. 

Since f is perfectly arbitrary, consider it on the modular line L m . Now in- 
terchange a and f in (27). The new form is similar to the old except that the 
sign of each term in z is changed. Denote the transformed Pi by P v Since 
Pi in (27) is a quadric on E 7 and since we consider f on L m , Pi is also a quadric 
on E 7 . Whence their sum Pi + P[ and their difference Pi — P[ are quadrics 
on E 7 . Consider the former; 



(28) 



a*Uyl + 4^a,f,yoy 2 + 2^(a„ri + «ifo)y? + 4^(a 2 f 4 + a^)yiy 2 = 0. 
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The equation (28) for arbitrary a and f on L m furnishes a system of quadrics in 
S 3 which intersect in a cubic curve. From the symmetry of a and f in (28), 
we lose no generality by setting a { = £,. We then have 

(29) a\y\ + 4 J^aly y 2 + 4 J^a aiyl + 8 ^/feo^O'j = 0. 

Since a is linear in a parameter X on L m , (29) furnishes a system of quadrics 
quadratic in X. The coefficients of this quadratic system of quadrics are func- 
tions of t, so that as t varies on K, we get a family F\ of cubic curves C 3 in S 3 . 
Hence we may state the following theorem : 

(30) Theorem III. The projection C 3 of the curve E 1 upon S 3 is the base curve 
of the quadratic system of quadrics (29). 

Consider now the difference Pi — Pi. This is a conic in S 2 . It has the 
form 

(31) X^'K + 2 X)(<*4f 2 )ziZ2 = 0, 

which from (23) may be written as follows : 

(32) £M*i + 2^*i* = 0. 

This shows that the system of conies varies with t on K. It is the polar conic of 
K as to z. Hence the theorem : 

(33) Theorem IV. The projection C 2 of the family F of E v s upon 5 2 is the sys- 
tem of polar conies of Klein's quartic K. 

4. The net of quadrics in S 3 ("). The quadric in (29) will be the square of a 
plane when the rank of its discriminant is 1. Its discriminant is of rank 1 if 
only the three relations 

(34) <*oa2 — <*4 = 0, atfin — a\ = 0, aoQii — a\ = 0, 

are satisfied. 

Consider now the net of quadrics 

(35) ii(a a 2 — al) + fe(ao«4 — <*i) + ^(ao«i — a\) = 0. 

From the transformations S and T in (14) we conclude that (35) is a Kleinian 
form. 

The discriminant of the net (35) is K. Hence so long as t is on K, the quadric 

(35) has a double point. If we border the discriminant (35) with variables J 
and expand, we find the equation of this double point to be 

(36) (a?) 2 = &Uikh +£ (-tl-tlQ fJ+2 (2 1 « 2 )(2^i)+X) (2 *JO(2&fe) =0. 
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Therefore the coordinates of the double-point are 



(37) 



p a =^4tihti 
pai=^-t\-tlt t 


: 2tit%ti : 
■ t t 2 

*2*l 

• t t 2 
'4*2 • 


t t 2 

*1 '2*4- 
Ah ■ 

tH 

'4*2 


tH 
*1*2 

t 2 t 
'1*4 

— t 3 — t 2 t 
*-2 '4*1 

t 2 t 
'2*1 


• — * 3 - 
*4 


*2M 

tH 
'4*2 


p ai=^ -t\-t\h 


'2*1 


p cn=< -t\-t\t 2 


*I*2 



where p is 1, «o, ai, <*2, c*4, respectively. That is to say, we can express the entire 
system (37) rationally and without extraneous factors by giving the ten quadratic 
combinations of the as. These combinations are the coefficients of the terms 
fc h in (36). 

The order of the linear modular group in the space of the y's and a's is double 
the order of the group* in the space of the a's, that is, the group is a G-ies, due to 
the fact that the identical collineation appears in the form y { = =*= y { . Hence 
the coordinates of a modular-point or plane in S 3 ^ a ' and likewise in S 3 cannot be 
expressed rationally in terms of the t, without an extraneous factor. The coordi- 
nates may however be expressed irrationally in terms of t as above, and it is to 
be noted that their ratios are uniform functions of w. 

A number of such modular root functions are suggested by the geometry of 
the system of cubic curves C 3 in S 3 . Thus the locus of the zero point on the 
curves C 3 , the locus of the plane of the half period points, the locus of the point 
where the tangent at the zero point meets the half period plane, as well as the 
transforms of these points and planes in the null-system of C 3 , give rise to func- 
tions of this type. Some of these are determined later. 

The locus of the double point (36) as t varies on K is a well known space curve 
./ of order 6 in S 3 ^ a \t whose points are in a one-to-one correspondence with the 
points of K. If we border the discriminant of (35) with £ and t?, which are to 
be thought of as parameters, we have oo 6 curves of the third order in / which 
intersect K in 12 points which correspond to the 12 meets of the planes £, t\ 
with J. Hence when £ = ij the cubic in t will be a contact cubic of K. Thus 
the system (36) for variable £ is a system of contact curves of the third order 
associated with J.% 

5. The modular line and spread. If a point y be taken on J, a quadric of the 
net (35) has a node at y and the polar plane of this point as to this quadric van- 
ishes, while the polar planes of the other two quadrics meet in a line. Take the 
coordinates of the point y on J as those in the second column of (37). The three 



* Compare K. F., vol. 2, p. 313. 

t Compare Snyder and Sisam, Analytic Geometry of Space, p. 168. 

% See K. P., vol. 1, p. 716. 
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polar planes of this point as to the quadrics in the net (35) are in a pencil, and 
have the form 

aotl -0 + 2 a 2 ht t - 2 a 4 / 2 / 4 = 0, 

(38) a t\ - 2 otihU -0 + 2 0:4/1/2 = 0, 

ao/4 + 2 ante* - 2 cutih -0 = 0. 

The axis of the pencil of planes (38) is the modular line L m . Every point on 
L m is in a one-to-one correspondence with the point y on J. Since the coordi- 
nates of L m and of the point y on J are functions of /, the variation of y and of 
L m also may be imaged by the variation of / on K. Hence as y generates J, 
L m generates a ruled surface of order 8. That M is of order 8 may be shown as 
follows. The condition that a line / meet L m is a linear condition on their 
coordinates, or a conic in /. This conic in / meets K in 8 points to each of which 
there corresponds a meet of / and M, whence M is of order 8. 

Let us now consider the general quadric Q in the net (35), and put on it the 
condition that it have a node. The four partial derivatives dQ/da, must then 
vanish simultaneously. These are 

+ ai/4 + 0(2/1 + 0:4/2 = 0, 

,„qn <*o/4 — 2ai/ 2 = 0, 

K<!V) art - 2a 2 /4 = 0, 

aofe — 2a4\ = 0. 

The discriminant of these equations is K. If we eliminate / from the equations 
(39), we find four cubic surfaces on each of which is J. Hence their common 
intersection is /. The equations of these are obtained from the vanishing of 
the third order determinants in the matrix of the equations (39). They are 



(40) 



S\ = a\ — 8 0:10:20:4 = 0, 

S% = a\cn + 2 aaoc\ + 4 a x a\ = 0, 

53 = aloti + 2 a a\ + 4 0(20(4 = 0, 

5 4 = a\cti + 2 ana? + 4 a 4 a\ = 0. 



The modular spread M multiplied by a is the following combination of S t 
in (40): 
(41) S\ - 8 S 2 S 3 S 4 = ao M = 0. 

From this result it is evident that J is a triple curve on M. Further, it can be 
shown that through every point of J there pass three trisecants of J and that L m 
itself is a trisecant of J* 

This section can be partially summarized in the following theorem : 

* The equation of M and the facts concerning J are easily obtained from a Cremona trans- 
formation of the third order. 
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Theorem V. Through every point a ( = «o, «i, at, a*) on the octavic ruled surf ace 
M there passes a line L m and the pencil of points a on L m set in the form F' de- 
termines the quadrics on the curve E 7 . As the line L m varies on M, the E 1 varies 
in the family F. The line L m (itself a trisecant of J) meets the triple curve J on 
M in three points which correspond to the three trisecants of J that meet in a point t 
of J. Thus the points t of J are in a one-to-one correspondence with the curves of 
the family of E v s. 

This completes the determination of the coefficients a of the quadrics F' 
which define the curve E 1 . 



IV. The loci in S 3 

1 . The net of quadrics in S 3 . In (35) a net of quadrics in 5 3 (a ^ was considered. 
The modular line L m and the modular spread were associated with this net. 
Consider now a similar net of quadrics in plane coordinates U in S 3 , and let us 
find the condition that this net have a double plane. From the contragredient 
transformations S and T on the y's in (14)*, we conclude that the following net 
is a Kleinian form : 



(42) 



*i(2 U,U l - U 2 ) + k(2 U U 2 - U\) + h(2 U U t - U 2 ) = 0. 



The discriminant of this net is K. The bordered form of the discriminant is 
the square of a plane in point coordinates, i. e., 

(43) hhkyl + £<-*»" hQA + 2 E few* + 2 E 'ifr"W = °- 
So long as t is on K, the coordinates of the double plane (43) are 



pUo=^ hkh 



(44) 



P U 2 =^ '-t\-t 2 t\ 



tlfati 

th 
th 



t x t 2 



■t 2 <!<4 

2 



hit 

t\U 



1 1 2 



*4 *«* 

t t 2 



4 Wi 

.2 



t% 

t t 2 

■ /j < 4 ^2> 



where p is 1, U , U u U it U it respectively. As in (37), we may express the entire 
system in (44) by taking the 10 quadratic combinations of the U's from (43). 
The remarks following (37) apply here. The plane coordinates L^ taken from 
the second column of (44) are the modular systems A y developed by Klein, f 

With the net (42) there will be a modular line h' m , four cubic surfaces S-, a 
modular surface M' and a sextic J'. The coordinates of L' m can be developed 



* See K. F., vol. 1, p. 719. 
t See K. F., vol. 1, p. 719. 
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in a manner similar to that used in finding those of L m as the axis of the pencil 
of planes (38). They are 

(U U[) = hk, (U,U[) = t\, 

(45) (UoU'j = hk, (UiU',) = t\, 

(UoU'J = Uh, (IAE/J) = t\. 

To every position of the plane (Uy) = in (43) we have a line L' m whose 
coordinates are given in (45). Since the coefficients of the plane (Uy) = and 
L' m are functions of t, the variation of the plane (Uy) and L' m also may be im- 
aged as the variation of t on K. It should be noted that the space of the as is 
different from the space of the y's. Hence the modular lines L m , L' m ; the 
curves /, /'; the spreads M, M'\ and the cubic surfaces S„ S,' are all distinct. 

2. Tne plane of the half period points. For the three half period points, the 
z's all vanish. If in the 14 linearly independent quadrics on E 7 we set the z's all 
zero, we then obtain 8 quadrics in y (since 6 of the 14 quadrics are bilinear in 
y and z and vanish for z set equal zero). These 8 quadrics must pass through 
the half period points. If we call the plane of these points (Uy), then we should 
be able to obtain from these 8 quadrics the four combinations y { (Uy) (i = 0, 
1, 2, 4). The combinations furnishing these types of quadrics come from the 
systems 

(46)* tl<f>n + <20O1 — <40O4 = 0, 

k<t>n + U<j>sa — ti<t> i = 0, 

U<fai + h<P<H ~ fe0O2 = 0. 

The common factor (Uy) obtained from these equations (46) when the z's 
are zero is precisely the plane 

(47) (Uy) = hhUtyo + t\ttf x -+- rfoy, + t\t,y A = 0, 

whose square appeared in (43). Hence the coordinates of the half period plane 
are the modular functions set forth in (44). 

Since the half period plane is of the form S a,?; = (i = 0, 1, 2, 4), and 
since it. may be considered as an 5 6 in S 6 , it contains the point u = and three 
pairs of points (=±=*t) on E 7 , since the three pairs are 'sufficient to determine the 
a's. It is therefore a fixed S 6 on the fixed S 2 . Since the pairs ( ± u) are the 
half period points, they are coincident points in 5 6 , hence the half period plane 
(47) considered as an 5 6 is a tritangent hyperplane of E 7 , tangent at the points 
coi/2, w 2 /2 and (a>i + Ui)/2 and passi g through the point u = 0. 



* We draw from the entire system of quadrics <j>a(16 in number) for convenience. These 
<t>H are the coefficients of the terms fc{, in F' after the transformation in (25). 
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Let us now consider the systems of quadries in (46) with the z's different 
from zero. These expressed in terms of y and z are 

UMVy) = + Ttfa (41) + (- 2i,fete - 2#a) ( 12 )> 

(48) Uyi{Uy) = - t\t iZi (12) + {t\t^ - t\hz x ) (41), 
tm(Uy) = - t\t x z x (24) + (fazi - # 4 z 2 ) (12), 
hy*{Uy) = - # 2 z 2 (41) + {t\kz, - # A ) (24), 

where (ife) = tp k — i^z,-. Each of the above quadries vanishes for z t = /,-, that 
is each conic on the right in (48) intersects the polar conic C 2 in the zero point. 
The three remaining variable intersections of these conies and the polar conic 
correspond to the intersection of the plane (a^O = and the curve C 3 in S 3 . 
Hence the system of quadries (48) give a parametric representation of the curve 
C 3 . To each z in (48) there is a definite point y in 5 3 except at the base point of 
the system z t = t { . This representation can be put in a simpler form if we 
multiply the quadries in (48) by tfk, so that each quadric on the left has the 
common factor hhU(Uy), which may be dropped, leaving the parametric repre- 
sentation of the curve C 3 as follows : 

y = p[+ 2# 2 z 2 (41) + (- 2 t\tit t z 2 - 2M&Z1) (12)], 

(49) yx = p[- hiUZi (12) + (tjltfo - t\t\z x ) (41)], 
y 2 = P [- *A«, (24) + (*i#i*4 - #&) (12)], 
y« = p[- *A*i (41) + (*A»i ~ *!*«) (24)]- 

Hence <fee doubled C 2 in S 2 w mapped upon the doubled C 3 in the fixed S 3 by means 
of the equations in (49). 

3. The locus of the zero point in S 3 . In S 2 we find K as the locus of the zero 
point. Each curve of the system C 2 has one such point, which generates K by 
the variation of <a. Each curve of the system C 3 has on it the zero point. What 
is the equation of its locus? Since z t = t { is the base point of the mapping sys- 
tem which maps C 2 upon C 3 , all the y's vanish at this point, but as z approaches 
t the limiting position of the direction is that of the tangent to the polar conic 
C 2 at z t = t { . If the factors (ik) in (49) are replaced by the coordinates of th e 
tangent to the polar conic at the point z { = t it and if we set z { = /,• in the oth er 
factors, the y's do not vanish, and become nonic functions of / which have a 
common factor hkU. However, a much simpler way to get this parametric 
representation of the locus of the zero point in 5 3 is to solve the bilinear forms 4/01 
= <t>'«i = <f>'o* = for y it and put z t = t ( in the result, from which the factor 
hkU can be removed. These equations are: 

y Ut\t\t\, 

(50) Ji = t\t\ - Zt\t\ - bt&tl 

yi = t 2 t t — 3/ 2 £ 4 5fg^x, 

y t = t\t\ - 3#J - 5M 2 4 
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These equations map the locus of the zero point in Si upon a locus in the space 
of the y's. The order of this locus is 18, for a plane section (U'y) = gives a 
sextic in t which intersects K in 24 points, but we find that this variable sextic 
and K have 6 fixed intersections at the flex points t { = t k = and consequently 
18 variable ones. Hence the locus of the zero point in S3 is a curve of order 18 and 
will be denoted by C 18 . 

It has already been pointed out that the order of the group of the y's is double 
the order of the group of the z's and that to express a form in y and z covariantly 
its points and planes in S3 must appear squared. This C 18 can evidently be rep- 
resented covariantly if we take the 10 quadratic combinations of the y's from 
the equations (50) from which we can eliminate the factor tihU and thereby 
eliminate the fixed intersections each taken twice, and if we take in primed 
variables the corresponding quadratic combinations of the f/'s as the coefficients 
of these quadratic combinations of the y's. This form is 

(51) fit' 3 , t*) = 0, 

and is of the third order in t', and of the ninth order in t. The number of var- 
iable points in which this nonic intersects K is :i(), which is double the order of 
C 18 , since its points appear squared in (51). If t = t' in (51) we find a form 
of order 12 which is K 3 + Hi// 2 , where H is the Hessian of K. We can then 
say that the form (51) is the third polar of A.' 3 + \(SH'- plus covariant terms con- 
taining the line coordinates tt'. To obtain these further terms one would make 
use of the complete system of invariants and covariants of K which has been 
calculated and tabulated by Gordan.* 

4. Summary. The results obtained may be briefly summarized. The well 
known elliptic modular functions associated with the elliptic norm curve E 1 and 
the algebraic relations connecting them have been readily found from the 
geometric point of view. The system of contact cubics in (37), the coordinates 
of the modular lines L m and L m and the parametric representation of the locus 
of the zero point in 5 S are new types of functions. The system of modular func- 
tions By (in Klein's notation)! which define a curve of order 14 has not been 
found. 

If a pair of points in the involution on the curve E 1 is isolated, the quadratic 
irrationality associated with the curve E 1 is obtained. This irrationality can 
be obtained from the system y { in (44). If we substitute the values of these 
y t in any of the quadrics (19) (except those bilinear in y and 2), p is obtained as 
the square root of the reciprocal of a conic g(t 6 , z 2 ) . This conic has the form 

(52) g{t\ z 2 ) = z\{2t,t\u + t 2 M) + «J(2t,«D + z\(t%U) + zMt]4t4 

- 2t\t\) + z 2 2 4 (- At\t\ - t\U) - ziz 4 (3*|$, 

♦Mathematische Annalen, vol. 17 (1880), pp. 217, 359. 
t See K. F., vol. 2, p. 396-397. 
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and constitutes the part in z of a quadric on the curve E 7 whose part in y is the 
square of the half period plane (47).* We can now write down the parametric 
representation of the curve E 1 . It is 

y' = + 2t\t\z 2 (41) - (2# 2 r 4 z 2 + 2t x tlUz x ) (12), 
y[ = - t l t 3 i t i z i (12) + (*,# A - t\t\z x ) (41), 

y't = - <A*i (24) + (*A*4 - #&) (12). 

(53) yi = - M fegg (41) + (fA*! - #?*«) (24), 

«I = zihhh< g{t\ z 2 ) , 
z£ = ZthkUs lgjt 6 , z\ 
z[ = **iWWg(* 8 , z 2 ). 

If * is on AT the above system maps the doubled C 2 upon the E 7 . It should be 
noted that the y's vanish for z ( - = /,■ and the z's vanish when z is on a half period 
point, f 



* Professor Sharpe of Cornell pointed out this fact to me, as well as a method of eliminat- 
ing an extraneous factor tikU from the parametric representation of the curve B. I append 
the method in a foot note at the end of the paper. 

t All the terms in y\ contain the factor hhti except one term in y and this term contains 
a Zi. If we now find the intersection of the pencil of lines through the point t, Xi(42) + Xj(14) 
= and the polar conic C 2 , we get the following values for z% : 

z\ = Xi ( - 2/jtj — £4) -\-\2hhh~3t2 "T" '4X1X2, 
02 = \Wl + \t{-2tlu-t\)-{2t\h + t^MM, 
zt = \xhtzti + X2^4 h + '4X1X2. 

Hence when these values are put in (53) the factor hkh can be removed. 
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